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Introduction

m In many problems of real world, an explicit form of a
function is not given.

m However, the values of dependent variable for changes in
the independent variable are known.

m The change in the independent variable is not continuous
but by finite jumps, whether equal or unequal.

m The behavior of the function can be studied with the help of
these observations.

m In this chapter, we consider the formulae expresses in

terms of differences of the functional values. 2
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Forward difference
The first forward difference

m We define the first forward difference operators, denoted
by A, as

Af(x) = f(x + h) — f(x).

m The expression f(x + h) — f(x) gives the first forward
difference of y = f(x) and the operator A is called the first
forward difference operators.

m Given the step size h, this formula uses the values at x and
X + h, the point at the next step.

m As it is moving in the forward direction, it is called the

forward difference operator.
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Forward difference
The first forward difference=Cont...

In particular, for x = xg, we get,
Af(xo) = f(xo+ h)—f(xo)
Ayo = Y1~ Yo
In particular, for x = xi, we get,

Af(x) = f(x +h) - f(xc)
AYk = Yk+1 = Yk-
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Forward difference
The second forward difference

The second forward difference operator, A?, is defined as

A%f(x) = A(Af(x))
= A(f(x + h) = f(x))
= Af(x+ h) - Af(x)
= f(x+2h) - f(x + h) - f(x + h) + f(x)
= f(x 4 2h) - 2f(x + h) + f(x)
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Forward difference
The second forward difference=Cont...

In particular, for x = xi, we get,

APy = A(Ayk)

A2y = A(Yki1— Yk)
A%y = Ayki1— Ay
D%y = Ykio = 2¥ki1 + Yk
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Forward difference
The rt forward difference

The i forward difference operator, A', is defined as

ATf(x) = A"'f(x+h)-AT(x), r=1,2,3,..
with A%f(x) = f(x).
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Forward difference
Forward difference table for the function y = f(x)

X f(x)
Xo f(Xo)
Af(x0)
Azf(Xo)
Xo+h f(xo + h)
Af(Xo + h) Aaf(Xo)
A2f(xo + h)
Xo +2h f(XO + 2h)
Af(xo + 2h) Asf(Xo + h)
Azf(X() =+ 2/’1)
Xo+3h f(xo +3h)
Af(xo + 3h)

Xo +4h f(Xo -+ 4h)
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Forward difference
An alternative forward difference table for the function y = f(x)

i X f Af  A%f A% A*
0 Xo fo ~_
Ao~

1o — Ao

1 3

™~ M1< 5 A 4 ¢

2 xp——fo = /aﬁ\ /ﬁo

f — 2 'ﬁﬁ
3 X3 3~ f3/ A fz/
4 Xa f4
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Example 1

Find Ay, A2y» and A3y, for the tabulated values of y = f(x).

i 0 1 2 3 4 5
xi| O 01 |02 ] 03| 04 | 05
yi 1 0.03 | 0.13 | 0.22 | 0.38 | 0.44 | 0.79
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Example 1
Solution

Ays, = Ys—ya4

= 0.79-044
= 035
APyy = A(Ayp)
= A(yz— o)
= Ays— Ay
= (Ya—Yy3)— (Y3~ ¥2)
= Ya—2Y3+ )
= 044 -2x%x0.38+0.22
= -01

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p) 13/148



Example 1
Solution=Cont...

Ny, = N(L%e)

A(Ya —2y3 + y2)

Ays —2Ay3 + Ays

(Y5 —ya) —2(Ya—y3) + (y3 — o)
= Y5 —3Ya+3y3— Yo
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Example 2

Show that

L

Atan'x=tan"! ——,
14+ x+x2

if unity is the interval of differencing.
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Example 2

Solution

Let f(x) = tan~! x. Then by applying first forward difference

formula, we have

Af(x)
Atan™' x
Atan~' x

Atan~' x

Atan~' x

f(x + h) = f(x)
tan~'(x + h) —tan™" x
tan'(x + 1) —tan™" x
4 X+1-x
1+ x(x+1)
a1
14+ X+ x2

tan

tan
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Example 3

Evaluate
Ax(x+1)(x-2)

if unity is the interval of differencing.
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Example 3

Solution

Let f(x) = x(x + 1)(x — 2). Then by applying first forward
difference formula, we have

Af(x) = f(x+h)—-1f(x)
Ax(x+1)(x-2) = (x+h)(x+1+h)(x-2+h)-x(x+1)(x-2
Ax(x +1)(x-2) (x+1)(x+2)(x-1)—-x(x+1)(x-2)
Ax(x+1)(x-2) = (x+1)B8x-2)
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Remark

m If fis a constant = Af = 0.

m If k is a constant >A(kf) = k(Af).
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Exercise

If A3(1 - ax)(1 — 3x)(1 — 4x) = 72, find a, given unity as the
interval of differencing.

Answer is a = —1
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Backward difference
First backward difference

m The first backward difference operator denoted by V, is
defined as

VE(x) = f(x) - f(x — h).

m Given the step size h, note that this formula uses the
values at x and x — h, the point at the previous step.

m As it moves in the backward direction, it is called the

backward difference operator.

Department of Mathematics University of Ruhuna — Mathematical Modelling-lI(AMT2215/IMT221 ) 21/148



Backward difference
The second backward difference

m The second backward difference operator denoted by V?,
is defined as

V2f(x) = V(Vf(x))

V (f(x) - f(x = h))

Vi(x) — Vf(x = h)

f(x) — f(x — h) — f(x — h) + f(x — 2h)
= f(x)—2f(x — h) + f(x — 2h)
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Backward difference
The rt" backward difference

The rtM backward difference operator, V', is defined as

Vif(x) = VTx)-Vf(x-h), r=1,2,3.
with VOf(x) = f(x).
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Backward difference
The rt" backward difference=Cont...

In particular, for x = xi, we get
Vyk = Yk — Yk-1
and

V2yk = Vyk = Vyk-1
= Yk —2Yk-1 + Yk-2
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Backward difference
Backward difference table for the function y = f(x)

PoX fi A v A A
0 Xo fo ~_
Vﬂ\ 2

1 X4 —f1/ /V f2 3

I v
2 xo—fo < /st\ /V4
3 f/ EAN , /V3f4

X3 33— Vi~ \% f4

4 Xa f4
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Remark

In general it can be shown that AKf(x) = VKf(x + kh) or
AkYm = Vk}/k—i—m-
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Example

Find Vys, V2y, and V3y;3 for the tabulated values of y = f(x).

i 0 1 2 3 4 5
xi| O 01 |02 ] 03| 04 | 05
yi 1 0.03 | 0.13 | 0.22 | 0.38 | 0.44 | 0.79

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p)

27/148



Example
Solution

Vys = Ys—Ya
= 0.79-0.44
= 0.35
VZy2 = V(y2—y1)
= Vy2-Vyy
= Yo=Y1—Y1+ Yo
= Y2—-2Y1+ Yo

= 022-2x0.13+0.03
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Example
Solution=Cont...

Vs = VA(Vys)
= VE(ys—y2)
= V23 -V,
= V(ys—y2) = V(y2—y1)
= (Ya=Ya—Yot+Yy1)=(Yo— Y1 — Y1+ o)
= (Y3—2¥2+y1) = (Y2 —2y1 + Vo)
= y3—=3y2+3y1 — Yo
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Central difference
The first central difference

The first central difference operator, denoted by 6, is defined by

5(x) = f(x+ g)—f(x— g)
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Central difference
The second central difference

5%f(x) =7
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Central difference
The second central difference

52f(x) = m@+g}mdx-9

—f@+ﬁ+ﬁ%JQ+ﬁ—%
- 213 272

(x5 5) (x5 -3)
= f(x+h)—-2f(x) +f(x = h)
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Central difference
The rth central difference

o'f(x) = 5r—1f(x+g)_5r-1f(x_g)
with 6%f(x) = f(x).

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p) 33/148



Central difference
The rt central difference=Cont...

In particular, for x = x, define Yipy = f(xx + g), and
yk_% = f(Xk - g), then

O = fiyy-
¥k = Yy =Yk

and

Yk = Ykt = 2Vk + Y1
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Central difference

Central difference table for the function y = f(x)

x f of %t o3 o
X0 fo
ofy2
521y
X1 f1
Of3)2 5%f3/2
5°fp o*f
X2 f2
5f5/2 63f5/2
5°fs
X3 f3
6f7/2

X4

fa
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Shift operator

The shift operator E is defined as
Ef(x) = f(x + h), where h > 0.
And also

Efi = fiiq.
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Shift operator

The rth power shift operator

The power of E are defined by

E'f(x) = f(x+rh), r=1,2,..
E%(x) = f(x).
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Shift operator
The relationship between E and A

The relationship between E and A can be obtained as follows:

Af(x) = f(x+ h)—-f(x)
= Ef(x)—f(x) or
Af(x) = (E-1)f(x).
Using this relation, we can express A’f(x) in terms of the
values of f(x). That is, we treat (E — 1) as an operator which

can be manipulated by the rules of algebra, provided it
precedes an entity on which it operates. Therefore

ATf(x) = (E = 1)'f(x).
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Shift operator

The relationship between E and 6

The relationship between operators is given by

of(x)

h h
fx+3)-1(x-3)
E'2f(x) — E7V2f(x)

(E'2 — E712)f(x), so that
E1/2 _ E_1/2.
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Inverse operator

The inverse operator E~' is defined as

E-'f(x) = f(x—h), where h > 0.
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Inverse operator
Powers of inverse operator

E-12f(x) — fx—%h)
E—1/2f’_ _ f,,l
2
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Averaging operator

The averaging operator u is defined as

e =3[ ) o3
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Averaging operator

The relationship between i and E

The relationship between operators is given by

uf(x)

21+ 2)+ - 2)
[E'2f(x) + E7'21(x)|
(E'2 + E7'2)f(x), so that

[+ E17).

NI =N =N =N
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Differential operator

Differential operators are a generalization of the operation of
differentiation. The simplest differential operator D, acting on a
function f(x), returns the first derivative of this function:

Df(x) = f'(x).

Double D allows to obtain the second derivative of the function:
D?f(x) = f”(x).

Similarly, the rth power of D leads to the N derivative:

D'f(x) = f)(x).
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Divided differences

The first divided difference of f(x) between xp and x; is denoted
by f[xo, x1] and is defined as

f(Xo) — f(X1 )

f[Xo, X1] = Xo — X1

and similarly, between the arguments xy and x, as

f(x1) - f(x2)
f[X1, X2] = W
Note: In this course unit square brackets are used for divided
differences.
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Divided differences
The second-order divided difference

The second-order divided difference between three arguments
Xo, X1 and xz denoted by f[xp, X1, X2] is defined as

flxo, x1] = f[x1, x2]

f[xo, X1, X2] = s
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Divided differences
The (r + 1)t divided difference

In general, (r + 1)’[h divided difference denoted by
f[Xo, X1, X2, ..., Xr+1] is defined as

f[Xo, X1, X2, ..., Xr] = f[X1, X2, X3, ..., Xr1]

f[XOI X1/X2/"'/XI’+1] - X %
0 = Ar+1
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Some important relations between the operators

Av=1-E"
B A=EV

B A-V=AV
A u? =1+ 16
Bé=A-V
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Why do we need differences?
Numerical differentiation

m The simplest way to compute a function’s derivatives
numerically is to use finite difference approximations.

m Suppose we are interested in computing the first derivative
of a smooth function f : R — R.

m Then from the definition of a derivative, we have

m If we choose small h, it can be approximated by

F(x) ~ f(x + hfz - f(x).
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Why do we need differences?
Numerical differentiation=Cont...

m This is the easiest and most intuitive finite difference
formula and it is called the forward difference.

m The forward difference is the most widely used way to
compute numerical derivatives but often it is not the best
choice.
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Why do we need differences?
Numerical differentiation=Cont...

Jix)

central
approximation

forward
approximation

backward
approximation

L 'l L X

x=h X x+h

Figure: Differences for first derivative
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Error bound for the forward difference

In order to compare to alternative approximations we need to
derive an error bound for the forward difference. This can be
done by taking a Taylor expansion of f(x + h),

he he ht
f(x+h) = f(X)+BF(X) + 2o (0) + o7 (0) + g (0)..
R, R, R
fx+h) = f(x) = hF () + 5of"(x) + 27(x) + 2P (x)..

. 2 3
flxxh) = 1x) hfz UCI %f"(x) + %f”’(x) + %f"’(x)...
fx+h)-fx)

. — F(x)+O(h)
F(x) ~ f(x + h) - f(x).

h
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Error bound for the forward difference
Cont...

m We say that this approximation is first-order accurate since
the dominate term in the truncation error is O(h).

m This means that the error of the forward difference
approximation of the first derivative is proportional to the
step size h.
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Error bound for the backward difference

Taking the Taylor series expansion of f(x — h) about x, as:

f(x) —f(x — h)
f(x) —f(x — h)
h
f(x)—f(x—h)
h

2 3 4

f(x) - hf'(x) + g! () g! £ (x) + Z!
hf'(x) — Z—Tf”(x) + g—Tf”’(x) - Z—Tf"’(x)..
f'(x) - %f”(x) - Z—Tf”’(x) - Z—Tf"’(x)...
f'(x) + O(h)

f(x)—f(x —h)
h

This equation has also an error of O(h).

v (x)...
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Error bound for the central difference

In order to derive another approximation formula for the first
derivative, we tack the Taylor series expansion of f(x + h) and
f(x — h):

e+ h) = 00+ P00+ o700 + () + Zﬂ%)
h? h3 h*

fx=h) = f(X)= ¥ () + 1700 = 277 (0) + 70700 -

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p) 55/148



Error bound for the central difference
Cont...

Divide the difference between these two equations by 2h to get
the central difference approximation for the first derivative as:

fu+hg:u—m L LA T

3! 5!
f(x+h)-f(x-h)
o = f(x)+ O(h?)

f(x + h) — f(x — h)
2h

F'(x)

X

Which can be regarded as an improvement over forward and
backward, since it has the truncation error of O(h?) for |h| < 1.
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Remark

m Notice that the central difference approximation is
second-order accurate since the dominate term in its
truncation error is O(h?).

m Thus the central difference is more accurate than the
forward and backward difference due to its smaller
truncation error.
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Approximation error

Given some value v and its approximation vapprox, the
absolute error is

€ = |v — vapproxl,

where the vertical bars denote the absolute value. If v # 0, the
relative error is

IV —vapprox|
v '
and the percent error is
lv—v. |
- % % 100.

These definitions can be extended to the case when v and
Vapprox are n-dimensional vectors, by replacing the absolute
value with an n-norm.

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p) 58/148



Example

Suppose you are given f(x) = Inx, then

a) calculate the exact value of f(1.8).

b) obtain forward difference approximation for f'(1.8), if

h=0.1.
c) obtain backward difference approximation for f(1.8), if
h=0.1.

d) obtain central difference approximation for f’(1.8), if
h=0.1.

e) calculate percent error for each of the above
approximation.

f) repeat calculation, if h = 0.01.
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Example

Solution
a)
f(x) = Inx
f(x) = %
f(1.8) = 11_8 = 0.555555
b)
F(x) ~ f(x + h,z - f(x)
F(18) ~ f(1 .9)0—1f(1 .8)
~ 0.540672
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Example
Solution=Cont...

c)
o ~ (020D
f(1.8) =~ w = 0.571584
d)
F(x) ~ f(x + h)2—hf(x - h)
f(1.8) = "(19)()—# = 0.556128
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Example
Solution=Cont...

|0.555555 - 0.540672)

Forward difference =

|0.555555|
=2.68%
|0.555555 — 0.571584|

Backward diff
ackward difference = |0.555555|

= 2.88%
|0.555555 - 0.556128|

1 diff
Central difference = 0.555555

= 0.10%

x 100

x 100

x 100
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Example
Solution=Cont...

f)
f(1.81) - (1.8
Forward difference = f(1.8) ~ ( 0)01 (18) = 0.554018
= percent error = 0.27%
f(1.8) — f(1.79
Backward difference = f'(1.8) ~ ( )0 01( ) = 0.557104
= percent error = 0.28%
f(1.81) - f(1.79
Central difference = f(1.8) =~ ( ())02( ) = 0.555561
= percent error = 0.0001%
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Exercise

Suppose you are given f(x) = v/x, then

a) calculate the exact value of f'(2).
b) obtain forward difference approximation for f’(2), if h = 0.2.

c) obtain backward difference approximation for f'(2), if
h=0.2.

d) obtain central difference approximation for f'(2), if h = 0.2.

e) calculate percent error for each of the above
approximation.

f) repeat calculation, if h = 0.02.

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p) 64/148



Exercise
Solution

0.353553
0.345130
c) 0.362864

a)
)
)
d) 0.353997
)
)

b

e) 2.38%, 2.63%, 0.12%

f) 0.352674 ( 0.25%), 0.354442 (0.25%), 0.3535578
(0.0012%)
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Approximation for the second derivative

In order to obtain an approximation formula for the second
derivative, we take the Taylor series expansion of f(x + h) and

f(x — h):
f(x+h) = f(x)+hf'(x)+
f(x—h) = f(x)—hf'(x)+

Adding these two equations:

f(x + h) + f(x — h)

h2 144 h3 177 h4
21100 + 317 (X) + 200+
h2 44 h3 177 h4
200 = 2700 + gV (x) -

h4

= 2f(x) + h?f"(x X)+27 f(x) +
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Approximation for the second derivative
Cont...

Subtracting 2f(x) from both sides and dividing both sides by h?
yields:

f(x + h) — 2f(x) + f(x — h) h2

o R 11
r2 =f (x)+12f (x) + ...

Which has a truncation error of O(h?).

f(x + h) — 2f(x) + f(x — h)

f//(X) ~ h2
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Remark

m We can find finite difference approximations for other
higher order derivatives using a similar approach.
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Chapter 2
Section 2.2

Difference equations
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Why do we need difference equations?

m Some real world relations are recorded at fixed time
intervals.

m For example, income, expenditure, savings and inflation
could be measured daily, weekly, monthly, quarterly,
annually and so on.

m Equations that relate such quantities are referred to as
difference equations.

m Difference equations are the discrete time counterparts
of diferential equations which we will also study in this
course.
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Differential and difference equations

m Differential equations are those in which an equality is
expressed in terms of a function of one or more
independent variables and derivatives of the function with
respect to one or more of those independent variables.

m Difference equations are those in which an equality is
expressed in terms of a function of one or more
independent variables and finite differences of the
function.
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Differential and difference equations
Cont...

m Differential equations are important in signal and system
analysis because they describe the dynamic behavior of
continuous time physical systems.

m Difference equations are important in signal and system
analysis because they describe the dynamic behavior of
discrete time systems.
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Differential and difference equations
Cont...

m Discrete time is equally-spaced points in time, separated
by some time difference At.

m [n discrete time signals and systems the behavior of a
signal and the action of a system are known only at
discrete points in time and are not defined between those
discrete points in time.
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Connection between difference and differential equations

m Let us consider the first order ordinary differential equation,

ay(t) -
3= +5y(t) =0. (1)

m |t can be approximated by a difference equation.

m We can do this by approximating derivatives by finite
differences.
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Connection between difference and differential equations
Cont...

Recall these definitions of a derivative,

) o ytan-y(

dt At—0 At ’
) _ o YO —y(t- Al

dt At—0 At !
ay(t) im y(t+ At) - y(t — At)
at At—0 2At
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Connection between difference and differential equations
Cont...

m At any point at which y(t) is differentiable, any of these
definitions of a derivative yield exactly the same result
when the limit is taken.

m A derivative in continuous time can be approximated by a
finite difference in discrete time by

1)At) —y (nA
y ((n+1)At) -y (nAt) & Forward difference

At
y (nAt) - ); (t(” —1)A1) < Backward difference
y((n+ 1)At)2;l%/ (n=1)AaY) & Central difference

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p)

76/148



Connection between difference and differential equations
Cont...

m As an illustration we will convert the differential equation
(1), to a difference equation by using a forward difference
approximation,

y((n+1)At) — y (nAt)

3 At

+ 5y(nAt) = 0.

m Here y(nAt) is used to represent the nth value of y.
m It can also be denoted as y;,.

m By using that familiar notation, the above equation can be
expressed as

3(Yn+1 —Yn) + BAt y, = 0.
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Connection between difference and differential equations
Cont...

m To solve the above difference equation, we can rewrite it in
recursion form

3 - 5At
Yn+1 = TYn-

m In recursion form, the difference equation expresses the
next value of y (say yn+1) in terms of the present value of y

(say yn).
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Definition of difference equation

m A difference equation, also called recurrence equation,
is an equation that defines a sequence recursively.

m Each term of the sequence is defined as a function of the
previous terms of the sequence:

Y1 = f(Yn, Yn-1,.-Y0).
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Example 1

Fibonacci sequence are the numbers in the following integer
sequence:

111/21315/8/13,21,35,...

Define it using a recurrence equation.
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Example 1
Solution

Yn=Yn-1+Yn-2 (2)

Equation (2) defines the so-called Fibonacci sequence.
Starting with yo = 1 and y1 = 1, we can easily calculate each
following terms of the sequence:

1,1,2,3,5,8,13,21,35, ...

Note that each term can be computed only if the two first terms
of the sequence are given. Those terms are called the initial
conditions of the system.
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Example 2

Suppose a certain polpulation of rabits is growing at the rate of
3% per year. If we let yo represents the size of the initial
population of rabits and y, represents the number of rabits n
years, then define population growth using a recurrence
equation.
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Example 2

Solution

)4
Y2

Yn
Yn+1

yo + 0.03yp
y1 +0.03y1

Yn-1 + 0.03yn_4
¥n + 0.03y,
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Example 3

Radium is a radioactive element which decays at a rate of 1%
every 25 years. This means that amount left at the beginning of
any given 25 years period is equal to the amount at the
beginning of the previous 25 years period minus 1% of that
amount. If yp is the initial amount of the Radium and y, is the
amount of Radium still remaining after 25 years, then define
radioactive decay using a recurrence equation.
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Example 3

Solution

14
Yo
Y3

Yn

0.99y0
0.99y; = 0.99(0.99y0) = (0.99)%y,
0.99y» = 0.99(0.99y4) = (0.99)%y,

= 0.99yp-1 = (0.99)"yo
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Classification of difference equations

m As with differential equations, one can refer to the order of
a difference equation and note whether it is linear or
non-linear and whether it is homogeneous or non
homogeneous.
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Order of difference equations

m The order of a linear recurrence relation is the number of

preceeding terms required by the definition.

Xt = =5Xxp—1 + 9

Xn = MXn-1(1 — Xp-1)

Xn = Xp-1 + Xn-2

Xnt2 — 2Xp41 +2Xp =0

=

LI )

First order
First order
Second order

Second order
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Linear difference equations

m A difference equation is said to be linear when each term
of the sequence is defined as a linear function of the
preceding terms.

Xn = Xpn—1 + Xp—2 & Linear
Xn = NXp—1(1 — Xp—1) & Non linear

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p)

88/148



Homogeneous difference equation

m The general form of a linear recurrence relation of order p
is as follows:

Xn = @n-1Xn-1 + @n-2Xpn-2 + ... + @n—pXn—p + ao.

m If the coefficients a; does not depend on n, then the
recurrence relation is said to have constant coefficients.

m In addition, if ag = 0, the recurrence relation is said to be
homogeneous.
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Solving a difference equation

m Solving a difference equation means to find an explicit
relation between x,, and the initial conditions.

m For example the solution of x, = X,—1 + Xn—2, would allow
us to evaluate xs29 (given xp and x4) without computing all
the 520 intermediary values.

m The method to solve a difference equation depends on the
type of equation we have.
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Solving first order linear difference equations

The simplest first-order difference equation is the
homogeneous equation:

Xn+1 = axp.
The solution can be found easily:

Xnt1 = a@xp = a(axp-1) = ... = a(a(a...(axp))).
Generally we have:

Xn = a"xp.

The behavior of the system depends on the value of a.
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Example 1

Solve x,1 = 10x,, where xo = 1, and find xos.
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Example 1
Solution

The solution can be found easily:

Xpr1 = 10xp
= 10(10xp-1) = ... = 10(10(10...(10x0)))

Generally we have x, = (10)"xo. Then

x5 = (10)*°x1
Xo5 — (10)25
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Example 2

Solve v, = 5v,_1, where v4 = 2, and find vsg.
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Example 2

Solution

vi = (5)" v
= 2x(5)""

v = (5% "x2
= 2x(5)
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Solving first order non-homogeneous difference equation

More generally, non-homogeneous first-order difference
equation takes the form:

Xpi1 = axn + b.

The solution can be found easily:

Xy = 3X0+b
X2 = axi+b=a(axo+b)+b=ax+(a+1)b
x3 = axa+b=a(a’x+(a+1)b)+b=2ax+(@+a+1)b

Generally we have:

X, = a™+ (@ '+a"™?+..+a+1)b
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Solving first order non-homogeneous difference equation
Cont...

Using the summation formula for a geometric series we have:
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Example 1

Solve x,11 = Xn + 1, with the initial condition xo = 1.
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Example 1
Solution

The solution can be found easily:

X1
X2
X3

Xn
Since Xp
Xn

Xo + 1
X1+1:(X0+1)+1:X0+2
Xo+1=(X+2)+1=x+3

Xo+ N
1, we have
1+ n.
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Example 2

Solve x,1 = —3x, + 4, with the initial condition xo = 2.
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Example 2

Solution

b b
Xni1 =@ +b © ana”(xO—1_a)+ (a#1)

& xp=(-3)"+1.
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Solving second order linear difference equations

A general second order linear difference equation can be
written:

Its solution is:
Xn = Cq A? + CQ/\n,

where A4 and A, are the solutions of the characteristic
equation:

A2 +al+b=0.

The behavior of the system depends on the value of A1 and As.
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Example 1

Solve the following second order linear difference equation with
the initial condition xo = 1 and x; = 1:

Xn = Xp-1 + Xn-2.
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Example 1
Solution

This equation can be rewritten
Xn+2 - Xn+1 - Xn == O. (3)
If we try the solution x, = A", we obtain

n+1
Xn+1 - AJ’_/

. n+2
Xpp2 = AT

Substituting this into (3), and ignoring the case A = 0, we
obtain the following characteristic equation:

A2-1-1=0.
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Example 1
Solution=Cont...

The roots of the characteristic equation are

Ay =

% = ¢ (Golden Ratio)

and Ay = ¥:1—q§.

Successive terms in the Fibonacci sequence are given by:

Xp = C1q5n +c(1 - qb)n
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Example 1
Solution=Cont...

The constants ¢y and ¢p are then determined by the initial

conditions. Thus, if xo = 1 and x; = 1, then

1 = ¢1¢® +c(1-9)°,
1 = C1¢1+C2(1—q5)1.

Solving for ¢y and ¢, we get

9
c1 = 2¢_1and
-1
Co = (P
2¢ —1
Hence
_¢n+1_(1_¢)n+1 _1_"_\/5
Xn = 26— 1 where ¢ = 5
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Example 2

Solve the difference equation
Xnt2 — DXpp1 +6Xp =0,

subject to xo = 2 and x; = 5.
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Example 2

Solution

If we try the solution x, = A" we obtain

n+1
Xn+1 - A+/

n+2
Xn+2 == A+.

Substituting this into (4), and ignoring the case A = 0, we
obtain the following characteristic equation:

A2 -51+6=0.
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Example 2

Solution

The roots of the characteristic equation are A1 =2 and A, = 3.

So we may write
Xn = C12" + 3",

In order to find the values of ¢y and ¢> we use the initial
conditions xg = 2 and x4 = 5.

Hence, we obtain 2 = ¢1 + ¢ and 5 = 2¢4 + 3¢2 which yields
ci=1andco = 1.

So the solution is x, = 2" + 3",
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Exercise

Solve ukio — 6uk 1 + 9uk = 0 with up = 1 and uy = 4.

1
The solution is ux = 3K + §k3k.
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More on solutions of difference equations

m The solution of a difference equation of order n shall
generally contain n arbitrary constants.

m A solution involving as many arbitrary constants as is the
order of the equation, is called the general solution.

m Any solution obtained from the general solution by
assigning particular values to the arbitrary constants is
called a particular solution.
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More on solutions of difference equations
Cont...

m Consider the difference equation x4 —ax, =0,a # 1.

m The relation x, = xpa" is a solution of the above difference
equation.

m The relation x, = xpa" is the general solution.

m x, = 3a" is a particular solution.
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More on solutions of difference equations
Cont...

Consider the difference equation of the form
Xn+r + k1 Xn+r71 + cer + ern = g(n), (4)

where ki1, ko, ..., kr are constants and g(n) is functions of n or
constant, is called linear difference equation with constant
coefficients.

Case | = g(n) = 0 = homogeneous

Case Il => g(n) # 0 = non-homogeneous
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More on solutions of difference equations
Case |

The equation (4) in homogeneous form can be rewritten as
(E"+ kiE™" + ..+ k:)xp =0, (5)

where E is the shift operator such that E"x, = xp.q.

If f(E) = E" + kyE™™' + ... + k;, then f(E) = 0 is called the
auxiliary equation and f(E) is called the characteristic
function of (5).
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More on solutions of difference equations
Case |I=Cont...

(a) If the auxiliary equation has r distinct roots a1, as, ..., ar,
then the general solution of (5) is

Xn = C1a] + Coag + ... + Cray,
where ¢4, Co, ..., C; are arbitrary constants.

(b) If the auxiliary equation has real repeated roots, say a4
repeated p times, a, repeated g times, then the general
solution of (5) is

Xn = (C1 + Con + ... + ConPN)all + (by + bon + ... + bgn9™")al.
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More on solutions of difference equations
Case |I=Cont...

(c) If the auxiliary equation has non-repeated complex roots,
say two of them be a1 = a + i and ap = a — if then the
general solution of (5) is

Xp = r'"(cy cos nO + co sin nb)

where r = /a2 + 2, 0 = tan™'(B/a) and ¢y, c; are

arbitrary constants.

(d) If the auxiliary equation has repeated complex roots, say
a + i and « — ip both repeated twice then the
corresponding two terms of the general solution shall be

r"[(c1 + can) cos nO + (c3 + c4n) sin no).
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Example 1

Solve xp2 — xp = 0.
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Example 1
Solution

The given equation can be written as

(E2-1)x, = 0.
The auxiliary equation is (E2 —=1) =0or (E—-1)(E +1) = 0.
It has two distinct roots 1 and -1.

Therefore, the general solution is ¢{(—1)" 4 c2(1)".
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Example 2

Solve uyi2 — 8ux+1 + 15ux = 0 by the method of difference.
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Example 2

Solution

The given equation can be written as
(E® - 8E +15)uy = 0.
The auxiliary equation is E? — 8E + 15 = 0.

It has two distinct roots 3 and 5.

Thus the general solution is given by uy = ¢13% + 5%, where
c1, Co are arbitrary constants.
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Example 3

Solve the difference equation
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Example 3

Solution

The given equation can be written as
(16E% —8E + 1)x, = 0.
The auxiliary equation is 16E% — 8E +1 = 0.

It has two equal roots 1/4, 1/4.

n
Thus the general solution is given by x, = (¢1 + ¢2n) (Z) ,

where ¢y ,C are arbitrary constants.
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Example 4

Solve the difference equation
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Example 4

Solution

The given equation can be written as
(E2 —4E +13)x, =0

The auxiliary equation is E2 — 4E +13 = 0.
It has complex roots 2 4+ 3i and 2 — 3i.

Thus the general solution is given by

Xxn = r"(cicosnf + cosinnb), where

r = V4+9=Yi3and 0 =tan"'(3/2).
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Example 5

Solve 9xni2 + 9Xpr1 + 2xp = 0 with xo = 1 and x; = 1.
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Example 5

Solution

The given equation can be written as (9E2 + 9E + 2)x,, = 0.
The auxiliary equation is 9E2 4+ 9E +2 = 0.
It has roots —1/3 and —2/3.
The general solution is
Xn = c1(=1/3)"+ c2(-2/3)"

C1+Cc2=1
—C1—2C> =3

X=1 =
X = 1 =
Solving we obtain, ¢; = 5 and ¢, = —4.

1 n 2 n
Hence the particular solution is x, = 5 (——) -4 (——) .
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Exercise

(|) Un+2 - 2Un+1 - 3Un — 0
(il) 9Yni2 —6Yny1 +yn=0withyo=1and y; = 1.

Answer
() u, = c13" + Cg(—1)n.
(i) yo=3".(1/3)".
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More on solutions of difference equations
Case Il

m The general solution of a non-homogeneous linear
difference equation is found by adding a particular solution
called Particular Integral (P.l.) of the non-homogeneous
equation to the general solution called Complementary
Function (C.F.) of the corresponding homogeneous
equation.

m Thus, general solution = C.F. + P.l.
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More on solutions of difference equations
Case Il =Cont...

Consider equation

f(E)xn = g(n) where
f(E) = E'+KE™"+.. +k.

Then the particular integral is given by

1
It can be evaluated by the method of operators. Various cases
are given below:

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p)

129/148



More on solutions of difference equations
Case Il =Cont...

Case (a) = When g(n) = a", a is a constant

1 n __ 1 n
ff(@) # 0= Pl=g gy a" = 7rs.a”

If f(a) = 0 then for the equation

() (E-a)x,=a"= P.I=E1_ .am=n.a"".
1
(i) (E - a)2xy = a" = P.l:”(”2I ) an2.
“1)(n-2
(i) (E-a)’xp=a"= P.I=n(n ?’)I(n ).a”‘3 and so on.
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More on solutions of difference equations
Case Il =Cont...

Case (b-I) = When g(n) = sinan

1 . eian _ e—ian
PI = ﬁ.sman: f(E)[ ¥ ]
_ l L ian _ L —ian
- 2 [f(E)'e f(E)°®
= T al - T b"| where a = €® and b = e @
2 |HE)Y? T HE) '

Now it is similar to Case (a).
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More on solutions of difference equations
Case Il =Cont...

Case (b-Il) => When g(n) = cosan

1 1 ian —ian
PI = ——.cosan= [e e ]

Now it is similar to Case (a).
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More on solutions of difference equations
Case Il =Cont...

Case (c) > When g(n) = nP

b npf—1 .nP

f(E) f(1+A4A)
The above P.. is evaluated in two steps.

m Using Binomial theorem, expand [f(1 + A)]~! upto the term
AP,

m Express nP in the factorial form and operate the expansion
terms on it.
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More on solutions of difference equations
Case Il =Cont...

Case (d) => When g(n) = an.G(n), G(n) being a polynomial of
degree n and a is a constant.

1 n .0 1
PI = ﬁ.a G(n) =a @G(n)

which is evaluated using Case (c).
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Example 1

Solve (E? — 5E + 6)x, = 4".
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Example 1
Solution

Auxiliary equation is E2 — 5E + 6 = 0.

Its roots are 2 and 3.

CE = ¢12" + 3"
1
PL = — ' an(putE—4
Ez_5E 6 (PU )
_ 1 n
T 42_5x4+6
1 n
= 54

L 1
Hence the general solution is given by x, = ¢12" + 23" + 5.4”
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Example 2

Solve (E? — 4E +4)x, = 2".
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Example 2
Solution

Auxiliary equation is E? — 4E + 4 = 0.

Its roots are 2 and 2.

CF = (c1+c2n)2"
PIL. = ﬁM.Z” = (E_1—2)2.2” (case fails)
= %.2”_2 ((using (ii))

Hence the general solution is given by
n(n—-1) on

xp = (¢4 + czn).2” + 8
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Example 3

Solve 2x,42 + 3Xp11 + Xp = COS 2n.
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Example 3

Solution

The given equation can be written as
(2E2 4 3E + 1)x, = cos 2n.

The auxiliary equation is 2E% + 3E +1 = 0.
It has roots are 1 and 1/2.

C.F.=cq (—1 )n + Cg(—1 /2)”.
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Example 3

Solution=Cont...

1
PI = — — — cos?2
2E2 4 3E +1 cos=n
1 ei2n+e—i2n
B 2E2+3E+1'[ 2 ]
1 1 i2n 1 —i2n]
= —-|—.€ —_— e
2[2E2+3E+1 t 2E2 1 3E + 1

_ 1 [ 1 e/2n 1 —i2n]
2126 +3e2+1° 274 4+ 3e2+ 1
1 (2e—i4 + Se—iZ + 1)ei2n + (29i4 + SeiZ + 1)e—i2n
(2e™* +3e2 +1).(2e7 +3e72 + 1)
2cos(4 —2n) + 3cos(2 — 2n) + cos2n
2cos4 +9cos2+ 12

Nl = N
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Example 3

Solution=Cont...

Hence the general solution is given by
1 2cos(4 —2n) + 3cos(2 —2n) 4+ cos2n
—1)n _ n, _
a(=1)"+e(=1/2) Jr2' 2cos4 +9cos2+ 12 ’
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Example 4

Solve Xpyo — Xppq — 2Xn = N°.

Department of Mathematics University of Ruhuna — Mathematical Modelling-1I[(AMT221p/IMT221p) 143/148



Example 4

Solution

The given equation can be written as (E? — E — 2)x, = n®.
The auxiliary equation is E? — E —2 = 0.

It has roots are -1 and 2.

Therefore C.F.=c1(—1)" + c2(2)".
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Example 4

Solution=Cont...

’
PI = ———n?
E2_E_2"
. 1 2
(1 +AR-(1+A)-2
A2+ A-2
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Example 4
Solution=Cont...

NB: Refer following web link for more details on factorial form.

1-1 +A—2+é+A—2+...].n2

2| "2 "2 74

% :1 + % + gAz - ] .n?

% :1 + % + gAz + ] (n® 4 n(M)

% :{n<2> + )+ %{an 1)+ %{2.1.n(°)}
—%(n2+n+2)

http://www. fq.math.ca/Scanned/16-1/brousseau.pdf
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Example 4

Solution=Cont...

Hence the general solution is given by

ci(=1)"+co(2)" - %(n2 +n+2).
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Thank you !
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