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Measures of variation

» Measures of variation determine the range of the distribution,
relative to the measures of central tendency.

» The range, mean deviation, standard deviation and
variance are the commonly used in measure of variation.
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The range

» Range is defined as the difference between the maximum and
the minimum observation of the given data.

» If x,,, denotes the maximum observation xg denotes the
minimum observation then the range is defined as

Xm — X0-

» The range is based on the two extreme observations.
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> |t gives no weight to the central values of the data.
> It is a poor measure of dispersion.

> It does not give a good picture of the overall spread of the
observations with respect to the center of the observations.
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Example

Find the range of the following three group.

Group A: 30, 40, 40, 40, 40, 40, 50
Group B: 30, 30, 30, 40, 50, 50, 50
Group C: 30, 35, 40, 40, 40, 45, 50

Department of Mathematics University of Ruhuna
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Solution

> In all the three groups the range is 50 -30 = 20.
> In group A there is concentration of observations in the center.

> In group B the observations are friendly with the extreme
corner and in group C the observations are almost equally
distributed in the interval from 30 to 50.

» The range fails to explain these differences in the three groups
of data.
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Mean deviation about mean

» The mean deviation is defined as the mean of the absolute
deviations of observations from the arithmetic mean.

» Let x1, Xo,..., X, denote n observations. The mean deviation
about mean is defined as,

> [xi —X| _ >y |dil

n n

where,
X=maen of the data
d:=deviation of it" observation from the mean.
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Example

Calculate the mean deviation form mean in respect of the marks
obtained by nine students 7, 4, 10, 9, 15, 12,7, 9, 7.
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Solution

7+44+10+9+15+12+749+7
9

x|
Il

80

9
= 8.89
vp _ 488947889+ . +|15- 889

9

21.11

9
= 235
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Mean deviation about mean for summarized data

For a summarized data set with values the mean deviation about

the mean
k
_ iz fildi]
n
k
n= Z f; — total number of observations

i=1

k — mnumber of different values

d; — deviation from the mean.
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Example

Calculate the mean deviation of the following summarized data set.

xi | f;
2 |1
4|4
6 | 6
8 | 4
10 |1
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Z?:l fixi

S fi

2+16+36 +32+10
16

mean =—

96
16
= 6
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Xi f; dl ‘dl‘ fl ’dI’
2 [ 1]-4] 4 4
4 (a2 2] 8
6 |60 0 0
8 |4 2 2 8
1011/ 4 4 4

24
The mean deviation about the mean :ﬁ =15
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Mean deviation about mean for summarized with classes

For a summarized data set with classes the mean deviation about

the mean
_ Soiy filmi — x|
N n
k
n= Z f; — total number of observations
i=1
m; — mid value of i*" class

— number of classes

— frequency of ™" class

R

X
|

mean.
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Example

Calculate the mean deviation from mean from the following data.

Size of items | frequency
3-4 3

4-5 7

5-6 22

6-7 60

7-8 85

8-9 32
9-10 8
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Size of items fi| m; fim; | |m; —Xx| | fi|m;j —X]
3-4 3135 10.5 3.59 10.77

4-5 71|45 3156 2.59 18.13

5-6 22 | 55 121.0 1.59 34.98

6-7 60 | 6.5 | 390.0 0.59 35.40

7-8 85175 637.5 0.41 34.85

8-9 32|85 272.0 1.41 45.12
9-10 8195 76.0 241 19.28
Total 217 1538.5 198.5
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S fm; 15385

mean Sf 217
7 _
MD — >izy filmi —X|
n
_198.53
217
= 0.915
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Variance

» Variance is another absolute measure of dispersion.

» It is defined as the average of the squared difference between
each of the observations in a set of data and the mean.

» For a sample data the variance is denoted by S? and the
population variance is denoted by o?.
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Sample variance

Let x1, X2, ..., X, denote n observation of the sample and let X
denote the sample mean. Then the sample variance S? is given by,

52 _ Z,(’:]_(Xi — ?)2

n—1

no2 2
s2 Dimy Xp — X

n—1

Note: The positive square root of sample variance is called as
sample standard deviation and it is denoted by S.
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Population variance

Let x1, X2, ..., xy denote N observation of the population and let i
denote the population mean. Then the population variance o2 is

given by,
N
o2 = > i1 (X — 1)’
N .

Note: The positive square root of population variance is called as
population standard deviation and it is denoted by o.
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Example 1

Calculate the variance for the following sample data: 2, 4, 8, 6, 10,
and 12.
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Solution

Z?:lxi _E:7

T T 6 " 6
52 — Z?:l(xi—7)2
6—1
=TT+ 4+ (12-7)2
B 5
_
5
= 14
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Example 2

Consider the following distribution of data 10, 18, 18, 12, 11, 15,
14.
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Solution

2

Population variation ¢~ is equal to
N A Y
o? = W where N = 7 and
10+ 18+ 12+11+15+ 14413
IS 7
= 13.29
) (10 — 13.29)? + (18 — 13.29)? + ... + (14 — 13.29)?
g =
7
= 6.204
o = 2491
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Sample variance for summarized data with values

The sample variance for summarized data with values is given by

k X)?2
-3
k — number of values
K
n= Z f; — mnumber of observations

i=1

Note: S=sample standard deviation.
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Population variance for summarized data with values

The population variance for summarized data with values is given
by

o2 — Z ﬁ(Xi—7)2;

N
i=1
k — number of values
k
N = Z f; — population size
i=1

Note: o=population standard deviation.
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Example

Consider the number of children in 128 families which is

summarized as follows.

X

O NOO1L D WNHHO

20
15
25
30
18
10

= W o

Find the sample variance.
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Solution

Xj fi | fix; (X,' — 7) (X,' — ?)2 f,'(X,' — })2
0120 0 2.7 7.29 145.8
1115 15 -1.7 2.89 43.35
2 25| 50 -0.7 0.49 12.25
3130 90 0.3 0.09 2.7
4 |18 | 72 1.3 1.69 30.42
5110| 50 2.3 5.29 52.9
6 6| 36 3.3 10.89 65.34
7 3| 21 4.3 18.49 55.47
8 1 8 53 28.09 28.09

342 436.321
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Z?:l fixi
i fi
342

128

= 2.67

~ 27

> il — %)

n—1

436.32

128 —1

= 3.435

x|
Il
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Example

Consider the following summarized distribution of data and find
the variance.

O
= = O P~ DN WK
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Solution

xi| i ] fixi | (xi—x) | (x—%)?] fi(xi —x)?
2 13 6 -7.5 56.25 168.75
3 2 6 -6.5 42.25 84.30
9 | 4 36 -0.5 0.25 1.00
12| 9 | 108 2.5 6.25 56.25
15| 1 15 5.5 30.25 30.25
19| 1 19 9.5 90.25 90.25

20 431
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X = = — =905
S AL
o2 = lele fi(XI_X)Z
N
_ 431
20
= 21.b5
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For a summarized sample data with classes

S fi(mi — %)

Sample variance = 52 =

n—1
k — number of class
m; — mid value of i*" class
X — mean
k
n = E f;
i=1
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For a summarized sample data with classes

— class width of the class contains the assumed mean

w
fi — frequency of " class
d; — deviation of " class from the class that contains

assumed mean.

Note: S=sample standard deviation
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For a summarized distribution with classes

2 Zf'(:l fi(m; — x)?

Population variance = 0“ =

N
k — number of class
m; — mid value of ith class
X — mean

k
n = Zf,-
i=1

Department of Mathematics University of Ruhuna Applied Statistics I(IMT2243/AMT2243)
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For a summarized distribution with classes

— class width of the class contains the assumed mean

Ry
|

frequency of i class
d; — deviation of " class from the class that contains

assumed mean.

Note: o=population standard deviation
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Example

The following table illustrates the pocket money given to a sample
of students on a particular day of school. Calculate the variance.

Money f;
125—- <175 | 2
17.5— <225 | 22
22.5— <275 | 19
27.5— <325 | 14
32.5— <375 | 13

37.5— <425 | 4
425— <475 | 6
475— <525 | 1
525— <675 | 1
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Solution

Money ; fid; | fid?
12.5— <175 2115 | -4 -8 32
175— <225 |22 20|-3| -66| 198
225— <275 (19| 25| -2 | -38 76
27.5— <325 |14 | 30 | -1 -14 14

325— <375 |13 35| 0 0 0

:.,
3
o

37.5— <425 | 4|40 | 1 4 4
425— <475 | 6| 45| 2 12| 24
475— <525 | 1|50 3 3 9
525— <575 | 1| 55| 4 4 16

72 -103 | 373
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Cont...

52 — n 2

373 23) 2
= 7 x5

- 1

s 076209
— 771 x 25
— 79.455
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Inter Quartile Range (IQR)

» The interquartile range (IQR) is a descriptive statistic used to
summarize the extent of the spread of your data.

» The IQR is the distance between the 15t quartile (25"
percentile) and 3™ quartile (75" percentile),

IQR = Q3 — Gr.

» Fifty per cent of the measurements are between the lower
quartile and the upper quartile.
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Advantage and disadvantage

» Advantage
More stable estimator of spread since they use two values
closer to middle of the distribution that vary less from sample
to sample than more extreme values.

» Disadvantage
These measures are totally dependent on just two values and
ignore all other observations in a data set.
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Semi Inter Quartile Range

Semi Inter Quartile Range = Quartile deviation

Q- Ql
2

» The semi Inter quartile range is a slightly better measure of
absolute dispersion than the range.

» But it ignores the observation on the tails.

Department of Mathematics University of Ruhuna Applied Statistics I(IMT2243/AMT2243)



Outline

Coefficient of Quartile Deviation

A relative measure of dispersion based on the quartile deviation is
called the coefficient of quartile deviation. It is defined as,

Q3 — Q1

Coefficient of Quartile Deviation = @

2
Q-
QR+

It is pure number free of any units of measurement. It can be used
for comparing the dispersion in two or more than two sets of data.
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Example

The wheat production (in Kg) of 20 acres is given as:

1120, 1240, 1320, 1040, 1080, 1200, 1440, 1360, 1680, 1730,
1785, 1342, 1960, 1880, 1755, 1720, 1600, 1470, 1750, 1885.

Find the IQR, quartile deviation and coefficient of quartile
deviation.
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Solution

After arranging the observations in ascending order, we get

1040, 1080, 1120, 1200, 1240, 1320, 1342, 1360, 1440, 1470,
1600, 1680, 1720, 1730, 1750, 1755, 1785, 1880, 1885, 1960.

th
@1 = Value of [1744—1] item

2 1 th
@1 = Value of [O: } item

Department of Mathematics University of Ruhuna Applied Statistics I(IMT2243/AMT2243)



Outline
Cont...

Q = Value of [5.25]" item

Q = 5% item + 0.25(6" item — 5" item)
= 1240 + 0.25(1320 — 1240)
= 1240+ 20
= 1260
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Cont...

®R3 = Value of 3 [nl—] item

5 17t
®R3 = Value of 3[ 0+ ] item

@3 = Value of [15.75]" item
= 15" item + 0.75(16 item — 15" item)
= 1750 + 0.75(1755 — 1750)
1753.75

Department of Mathematics University of Ruhuna Applied Statistics I(IMT2243/AMT2243)
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IQR = Q;— Q = 1753.75 — 1260 = 492.75
_ 492.7
QD = @ —Q _ 49275 _, 5875
2 2
@ — @
Q3+ Q1
1753.75 — 1260.00
1753.75 + 1260.00
— 0.164

Coefficient of QD
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Five number summaries

The five number summary of a set of observations on a single
variable consists of the following statistics:

v

Maximum (max)
Upper Quartile (Q3)
Median (M)

Lower Quartile (Q1)

Minimum (min)

v

v

v

v
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Example

Compute the five number summary for the following observations:

1911724 1315 10 3 10 20.
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Solution

1. We order the observations 3 7 10 10 11 13 15 19 20 24.
2. The minimum and maximum are 3 and 24, respectively.

3. The median is (11 4 13)/2 = 12 because 11 and 13 are the
two observations in the middle of the list.

4. The lower quartile is 9.25.

5. The upper quartile is 19.25.

Department of Mathematics University of Ruhuna Applied Statistics I(IMT2243/AMT2243)
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Box-and-whisker plot

v

Using box-and-whisker plot we can represent five-number
summary visually.

v

The length of the box is the interquartile range of the sample.

v

A line is drawn across the box at the sample median.

v

Whiskers sprout from the two ends of the box until they reach
the sample maximum and minimum.
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Median
One half «—— | —— The other haif
of the sample of the sample
Lower Upper
Quartile Quartile
One quarter +—— | =— Middle half —=| —— One quarter
of the sample of the sample of the sample
Minimum M asdmum
- -
Smallest sample value —& +. - o seoee - e =— Largest sample value
4, 6 | - 112
[ ! | | I
whisker winisker

] 1

le— boxlength —& |

' Interquartile ¥
Range
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Qutlier

» An outlier is any value that lies more than one and a half
times the length of the box from either end of the box.

» That is, if a data point is below @; — 1.5%IQR or above
@3 + 1.5x IQR, it is viewed as being too far from the central
values to be reasonable.

Bos and uhiskare Bozrd whisters
without outle's it cuters

Yo fn

o o
matian medan
o )
. Wit s removed
«<=0er
%<G,-150,2)
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Example

Find the outliers, if any, for the following data set:

10.2, 14.1, 14.4. 14.4, 14,4, 14,5, 14,5, 14.6, 14.7, 14.7, 14.7,
14.9, 15.1, 15.9, 16.4.
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Solution

1. The median will be at position (15 + 1) +2 = 8. Then
Q2 = 14.6.

2. Ql = 14.4 and Q3 =14.9.
3. Then IQR =14.9 — 14.4 = 0.5.

4. Outliers will be any points below @ - 1.5xIQR = 14.4 - 0.75
= 13.65 or above @3 + 1.5xIQR = 14.9 4+ 0.75 = 15.65.

5. Then the outliers are at 10.2, 15.9, and 16.4.
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Stem and leaf plot

>

A stem and leaf plot organizes data by showing the items in
order using stems and leaves.

v

The leaf is the last digit on the right or the ones digits. The
stem is the remaining digit or digits.

v

For 12, 2 is the leaf and 1 is the stem.

v

For 45.7, 7 is the leaf and 45 is the stem.

Stems Leaves

Stems go here | Leaves go here
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Example 1

Draw the stem and leaf plot for following data.
24,10, 13, 2, 28, 34, 65, 67, b5, 34, 25, 59, 6, 39, 61.

Solution

1. First, put this data in order
02, 06, 10, 13, 24, 25, 28, 34, 34, 39, 55, 59, 61, 65, 67.

2. We will use 0, 1, 2, 3, 4, 5, and 6 as stemsS.  sens  tenes
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Example 2

Draw the stem and leaf plot for following data.
104, 107, 112, 115, 115, 116, 123, 130, 134, 145, 147.

Solution
1. This time, the data is already in order.
2. We will use 10, 11, 12, 13, and 14 as stems.

Stems  Leaves

Means 145
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Example 3

Draw the stem and leaf plot for

Grade for class A

Grade for class B

The plot is displayed as:

following two groups.

60,68, 70, 75, 84, 86, 90,
91,92, 94,94, 96,100, 100
60,60, 70,71,73, 73,75,
76,77,84,85, 86,91, 92

Class & Class 3

Leaves Stems  Leaves

Department of Mathematics University of Ruhuna
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Measures of skewness

» The need to study these concepts arises from the fact that the
measures of central tendency and dispersion fail to describe a
distribution completely.

» It is possible to have frequency distributions which differ
widely in their nature and composition and yet may have same
central tendency and dispersion.

» Thus, there is need to supplement the measures of central
tendency and dispersion.
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Concept of skewness

» The skewness of a distribution is defined as the lack of
symmetry.

> In a symmetrical distribution, the Mean, Median and Mode

are equal to each other.
Symmetrical Distribution

Frequency

Applied Statistics I(IMT2243/AMT2243)
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» The presence of extreme observations on the right hand side
of a distribution makes it positively skewed.

» We shall in fact have
Mean > Median > Mode

when a distribution is positively skewed.

Positively Skewed Distribution

Frequency

Department of Mathematics University of Ruhuna Applied Statistics I(IMT2243/AMT2243)
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» On the other hand, the presence of extreme observations to
the left hand side of a distribution make it negatively skewed

and the relationship between mean, median and mode is:
Mean < Median < Mode.

Negatively Skewed Distribution

Frequency

Applied Statistics I(IMT2243/AMT2243)
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Different measures of skewness

The direction and extent of skewness can be measured in various
ways. We shall discuss three measures of skewness in this section.

1. Karl Pearson’s coefficient of skewness
2. Bowley’s coefficient of skewness

3. Kelly's coefficient of skewness

Department of Mathematics University of Ruhuna Applied Statistics I(IMT2243/AMT2243)
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Karl Pearson’s coefficient of skewness

» The mean, median and mode are not equal in a skewed
distribution.

» The Karl Pearson’s measure of skewness is based upon the
divergence of mean from mode in a skewed distribution.

mean - mode 3(mean - median)
standard deviation

kpy =

SkPl =

standard deviation

Department of Mathematics University of Ruhuna Applied Statistics I(IMT2243/AMT2243)
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Properties

1. -1<5, <L
2. Sip = 0 = distribution is symmetrical about mean.
3. Skp > 0 = distribution is skewed to the right.

4. Sy, < 0 = distribution is skewed to the left.
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Advantage and disadvantage

Advantage

Skp is independent of the scale. Because (mean-mode) and
standard deviation have same scale and it will be canceled out
when taking the ratio.

Disadvantage
Sip depends on the extreme values.

Department of Mathematics University of Ruhuna Applied Statistics I(IMT2243/AMT2243)



Outline

Example

Calculate Karl Pearson’s coefficient of skewness of the following
data set (S =1.7).

Value (x) 1/2[3[4(5|6 |7
Frequency (f) |23 |4 |4 |6 |4 |2
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Solution

27:1 fixi

mean = x = “——7F—

i fi

o 1Ix242%x3+ ... 47x2

N 25

104

25

= 4.16

mode = 5
S B mean-mode
ke = standard deviation

= A0S L h40m

1.7

Since Sy, < 0 distribution is skewed left.
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Bowley's coefficient of skewness

» This measure is based on quartiles.

» For a symmetrical distribution, it is seen that @, and @3 are
equidistant from median (Q»).

» Thus (Q3 — @2) — (@2 — Q1) can be taken as an absolute
measure of skewness.

(@3 — @) — (@ — Q)
(R — Q)+ (@2 — 1)
@+ Q1 —2@Q

Q- Q1

Skq
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Properties

1. 1< 54 <L
2. Skq = 0 = distribution is symmetrical about mean.
3. Skg > 0 = distribution is skewed to the right.

4. Siq < 0 = distribution is skewed to the left.
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Advantage and disadvantage

Advantage
Skq does not depend on extreme values.

Disadvantage
Skq does not utilize the data fully.
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Example

The following table shows the distribution of 128 families
according to the number of children.

No of children | No of families
0 20

1 15

2 25

3 30

4 18

5 10

6 6

7 3

8 or more 1

Find the Bowley's coefficient of skewness.
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No of children | No of families | Cumulative frequency
0 20 20
1 15 35
2 25 60
3 30 90
4 18 108
5 10 118
6 6 124
7 3 127
8 or more 1 128
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4
= (32.25)”’ observation
= 1

128 + 1\
Q = ( + ) observation

128 + 1\
Q = ( + ) observation

2
= (64.5)”' observation
= 3

128+ 1\
Q = 3( 84+ ) observation

= (96.75)”’ observation
— 4
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QR+ Q1 — 2@

S —

ka Qs —
4+ 1-2x3
B 4 -1
_ 1
N 3
= -0.333

Since 5iq < 0 distribution is skewed left.
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Kelly's coefficient of skewness

» Bowley's measure of skewness is based on the middle 50% of
the observations because it leaves 25% of the observations on
each extreme of the distribution.

» As an improvement over Bowley's measure, Kelly has
suggested a measure based on Pig and, Pyg so that only 10%
of the observations on each extreme are ignored.

(Poo — Pso) — (Pso — P1o)
(Poo — Pso) + (Pso — P1o)
Pgo + P1g — 2Psg

Poo — P10

Sy =
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Properties

1. -1<S5, <1
2. S, = 0 = distribution is symmetrical about mean.
3. S, > 0 = distribution is skewed to the right.

4. S, < 0 = distribution is skewed to the left.
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Remark

It may be noted here that although the coefficient Sy,, Siq and S,
are not comparable, however, in the absence of skewness, each of
them will be equal to zero.
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