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Abstract

This paper presents the analytical results of a study on direct resist-
ance heating of a circular metal sheet with uniform thickness. The electrical
currentdistribution, heat generation and temperature distribution are found
when a circular sheet blank is heated by passing an electrical current
through adiameter. It is shown that the elecrical current density of the plane
sheet satisfies the continuity equation while the electrical potential satisfies
the Laplace equation if there is no variation of physical properties of the
material. The power balance equation which describes the temperature of
the circular plate is obtained. The electrical potential, current density,
generated heat, and temperature at each grid point are found and power
balance equation is solved using finite difference technique. The results
show that the current density, heat generation, and temperature near the
diameter is higher than other points of the plate.

List of Symbols

a - Radius of the circular sheet, m
a, - Radius of the electrodes, m

b - Thickness of the sheet, m

C - Specific Heat, J kg''K"!

d - Density of the material, kg m~
F- Rate of heat generation, W m”
h - Convective heat transfer coefficient, W m?K"’
J - Current density, Am?

L - Lorenz constant, VK2

s - Time step, s

T - Temperature, K

t - Time, s i
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o - Temperature coefficient of resistivity, K’

€ - Total emissivity

A - Thermal conductivity, Wm™' K-/

V - Charge density, Cm*

p - Electrical resistivity, 2 m %

p, - Electrical resistivity at room temperature, £2 m
O - Stefan-Boltzmann constant, Wm?K*

¢ - Electrical potential, V

1. Introduction
1.1  Direct Resistance heating

Direct resistance heating is accomplished by the dissipation of an
electrical energy in a material. Alternating or direct current is passed
between two electrodes through the material. Resistance losses are dissi-
pated as heat, causing the material to heat. Direct resistance heating offers
manufacturers precise control and directed heat for applications such as
preheating billets for forging, producing unique hardening patterns on
metals, continous annealing of wires (Kraft, 1994, 289), selectively heating
forging dies, maintaining heat sources at a constant temperature (Reindl,
1992, 180) and maintaining solutions at constant temperature. Direct
resistance heating works only for electrically conductive workpieces and it
may be the simplest and mosteconomical method for heat treating workpieces.
By generating heat within the workpiece rather than in a furnace, direct
resistance heating offers number of benefits over fuel-fired furnaces such as
(1) rapid startup, (2) higher heating rates, (3) more comfortable working
environment because heating takes place only in the workpiece (4) ease of
automation, (5) no pollution of atmosphere, (6) cleaner working environ-
ment, (7) lower maintenance.

~ The major metal working applications of direct resistance heating are
hedting prior to forming, heat treating, and seam welding. Minimum
equipment requirements for adirect resistance heating system are the current
input electrodes and their attachment to the product, a power supply and
power regulation equipment, product handling system and a control system.
Automated systems require load handling equipment, and some systems
include water-cooling to prolong electrode life. The power electrodes are
critical since they determine how much current can be passed to the
workpiece, heating rate depends on the current flow. They must also be low
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in resistance to reduce heating. Contacts are often water cooled to prolong
their life. Contact design is generally done by the equipment manufacturer.
The power supply is often equipped with a voltage step-down transformer.

1.2 Present Problem

Directresistant heating involves passing a cugrent through electrically
conductive materials and it has a high efficiency compared to other heating
methods (Karunasena et al, 1981, 476-481). They have discussed the
problems associated with the use of direct resistance heating by referring to
investigations on the heating characteristics of short, rectangular sheet
blanks. The objective of present study is to obtain heating and current
transmission of a circular metal sheet blank with uniform thickness when it
is heated by passing the electrical current through some of the diameters of
the plate in a staggered pattern.

In order to obtain temperature distribution of the circular plate, we
derive the power balance equation for the plate when it is heated by passing
an electrical current through a diameter. This equation describes the
temperature variation of the plate. Before solving this equation, we have to
find the rate of heat generation per unit volume of the plate. As the heat
generation depends on the current distribution it is necessary to find
electrical potential distribution of the plate to obtain the current distribution.

In section 2, we describe the problem and obtain the power balance
equation. Then we obtain an expression for the rate of heat generation of the
plate. We show that the current density function of a plate satisfies the
continuity equation. We also show that the electrical potential of a plate with
uniformthickness satisfies the Laplace equation if there is no variation of the
heating current and physical properties of the material.

In section 3, we find the electrical potential distribution using finite
difference technique. We use these results and the relationship between
electrical current density and electrical potential to obtain the current density
distribution of the plate. Then we find the rate of heat generation.

In section 4, the temperature distribution of the plate is found by
solving the power balance equation. :

2. Formulation of the Problem

Figure 1(a) shows the plan view of the circular sheet metal workpiece.
Two cylindrical electrodes are pressed on to the diametrically opposite ends
ofthe circle. A voltage isapplied at the electrode and a large current is passed
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through the workpiece. Major portion of the current flows along the diameter
because it is the path with least resistance. Remaining part of the current
flows through both side of the diameter depending on the length of the path
(and hence the resistance). ¥

This uneven current flow causes uneven heating. To reduce this
unevenness current should be passed through some other diameters of the
circular sheet plate. Forexample, we can consider four diameters spaced at
45" angles and the current can be passed in a staggered pattern varying the
contact points of celectrodes as shown in Figure [.
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Figure 1: Placing of electrodes

2.1 Power Balance Equation

Letusderive the power balance equation which describes the relation-
ship between temperature and the generated heat. Establish a polar coordi-
nate system on the plate as shown in Figure 2 and consider a small element
at X = (r,8) of the plate. The quantity of heat entering through the surface
at XX is given by the Fourier's law (Sears et al, 1982,291; Jamesetal, 1977,
480), of heat conduction as

dg, = —brMQ[ﬂJ dt 2.1
ar),
where A is the coefficient of thermal conductivity, b is the thickness
dT :
of the plate, and (—-— is the average temperature gradient over the surface

n
at XX . Similarly

r
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Ar =
X' ¥

AO T/
Rd‘h

X(r,0)
dq,//7
Figure 2: Heat conduction
-bAAr (JT
dg: = — | dt, 22
o r [09 ]9 =2
and dgs = —b/l(r+Ar)A9(£j dt, (2.3)
8)’ r+Ar

_ =bAAr(dT (2.4)

dg. = —— dt,
e r (ae)ems

dQ=(dq,-dq,) +(dq,-dq,) is the total heat gained by the element in time dt
and hence the rate of net heat gained by the element by conduction is

dt or

2S5

r

40 brme{(i”i) _ (ﬂj } + biArAG(—(?IJ
r+Ar Br r 8r r+Ar

(2.5)

The rate of heat generated in the element is br F(r,0)ArA0 ; where

F(r,0) is the rate of heat generation per unit volume.

aT

The rate of heat energy storage in the element is brd CArAQ—ét——;

whgre d is the mass density of the plate, C is the specific heat of the material
(Sears et al, 1982, 276-278; James et al, 1977, 480). .
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According to Stefan-Boltzmann Law (Sears et al, 1982, 298; James et
al, 1977, 483) the rate of heat radiated from the surfaces is
€ O’rArAQ(T4 — T4)' where € is total emissivity, o is Stafan-Boltzmann
constant and 7,,is room temperature.

2

The rate of heat loss by convection is hrArAO(T — 1T, ); where h is
convective heat transfer coefficient (Sears et al, 1982, 294-295).

According to the law of conservation of thermal energy, the rate of
heat gained by the element and the rate of heat generated in the element must
be equal to the rate of heat loss, and the rate of heat energy storage in the
element. Applying this law, we get

d
TQ + brArAOF (r,0) =€ orArAO(T* = Ty)
s

+ hrArAG(T — %)—%bdrCArAQ%. (2.6)

d
Substituting for —}Q and dividing by rArA6 and taking limits
dt .

Ar — 0and AB — 0, we get,

ar ar
lim | (A=) =i(A=)
gr r+Ar or’'r A dr
bro O —F— G
_ daTr or
+ lim (A%)9+A9*(15‘9‘)9
AB =0 + F(r,0) (2:7)
r’AB
h ar
=%(T4—T(,4)+-(T—T())+dc—§t—
Jd . dT ]
ie. Z A+ Fre
ke, @G ae( 20 )+ F9)

h ar
:7<T4—T<#)+;<T—m+d6-§ (2.8)

This is the power balance equation. To solve this equation we have

to find F(r,8). Similar equation for a short, rectangular sheet blank was
used by Karunasena (Karunasena, 1977, 24).
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equipotential lines

Figure 3: Small element between two equipotential lines

2.1.1 Heat Generation

Let J(r,0) be the current density at the point (r,0), and p be the
electrical resistivity of the material. Considera very small element which has
anarea ATAC( as shown in Figure 3. Let us use the well-known relation-
ship, F' = I’R: where Fis generated energy, I is current and R is resistance
(Borowitz & Beiser, 1971; Sears et al, 1982, 500).

Therefore the total energy generated in the element b ANA( is given

by
, AL
bANACF(r,0) = (1 J | bAN)* p—= (2.9)
bAM
le
F(r,0)=lJF p. (2.10)

2.1.2 Continuity Equation

Now we have to find J in order to find F(r,0). Let us derive the
continuity equation which describes J (Panofsky & Phillips, 1978, 118-
19). Let J = (J_,J.) be the currentdensity of the lamina at (x, y), see Figure
4 and let b be the thickness of the lamina. Then the charge, per second, which
enters through the surfaces at AB and AD are J bAy and J bAx respec-

tively, and the charge, per second, which vacates through the surfaces at CD

» aJ, dl, .
andBCare (J_ + —8—"—Ax)bAy and (J, +—(9—y’—Ay)be respectively. There-
3 .
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fore the change of charge, per second, of the volume bArAy is

. al,
( ) . _9»_ bAxAy . This is equal to the time rate of change of charge,
X ;

5(/)\'AYA)'); where v is the charge density at (x, y). i.e.
]
aJ
[&& +—&TJ/)A’CA\ —‘j—t(/)VA’CA)'). (2.11)
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Figure 4: Small element in cartesian coordinates

Since the volume bAXAy is arbitrary and does not depend on t, we get

al,
NEL (2.12)
ox oy or
which gives
Jd d 2%
—+—|{J 0 ' 2.
[0‘+a—\]( J)+8r (2.13)
ie. \% .J+~&—V:O. (2.14)
-7 o

If v does not depend on time then we get

V.J=0. (2.15)

Since the current density satisfies the relationship J =——V¢ where ¢ is
the electrical potential (Sears, 1979, 91), we get

IR R D el il RS
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_\z.(i _V_¢] —0. (2.16)
p

If electrical resistivity is a constant then ¢ satisfies the Laplace equation,
V29 =0. (2.17)

Current Electrodes

G

Figure 5: Dimensions of the plate and electrodes

3. Electical Potential and Current Density Distributions

Letelectric potentialsat Aand A’ be =V and V respectively. Then
the potential difference is 2V. According to the symmetrical shape of the

plate, electrical potential on CC’ is zero when there is no temperature
variation of the plate. Since there is no current flow through the boundary,
we have the boundary condition

%) _,
(3,- ] =0; (3.1)

where a is the radius of the circular plate. Let ¢, be the radius of a
electrode and let ¢ = —V atthe electrode with center (x,,y,)and ¢ =V at
the electrode with center (x,,y,). Then

o(r,¢)==Vif (rcosf—x,)> +(rsin@-y)* <a],

9 2 2 (32)
o ¢(r,¢)=V if  (rcos@—x,)" +(rsinf—y,)" <aqag.



274 P. A. Jayantha & G. K. Watugala

Therefore we have two other boundary conditions.
3.1 Variation of Physical Properties with Temperature

3.1.1 Electrical Resistivity

Electrical resistivity of a metal changes with temperature. Let p, be

the electrical resistivity at room temperature (7, = 300K)and & be the
temperature coefficient of resistivity. Then p can be written as, (Sears,
1982, 487),

Temperature Specific Heat
§9) J(kgH("C)
0 515
25 518
200 540
400 565

Table 1: Specific heat of Stainless Steel

p=po(l+a(T -Ty)). (3.3)
3.1.2 Thermal Conductivity

According to Wiedemann-Franz-Lorenz Law (Gray et al, 1972, 4-
148) the relationship among thermal conductivity (A1), electrical resxstmty

(p) and temperature (7) we can write as

LT
i, = (3.4)
p’
where L is Lorenz constant. Therefore we can write

~ LT
Pl + (T =T15))
3.1.3 Specific Heat

(3.5)

Specific heat (C) of a metal also changes with temperature. Some
values of Specific heat of stainless steel at several temperature values were
used by Karunasena (Karunasena, 1977, 26). Table { shows those values.
Using these values we can obtain the following relationship between C and

T,
¢
3t
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C=0.122T + 482.24. (3.6)
3.2 Electrical Potential and Current Density

Expanding the equation (2.16), we get

V2¢—%zpy_¢=0. Q NGR)

Substituting from equation (3.3) and expanding this equation in polar
coordinates, we get

¢ 1dp 1 9% a (07 ¢ 1aTa¢)
——t e — - — L4t | =0 3.8
o 7 o8 [+a(T-Ty)\ or o 72 96 98 G-8)

Now we have to solve this equation with the above mentioned
boundary conditions. After solving this equation we can find the current

distribution using the relationship J = —iyg». This equation can be written in
P

polar coordinates as

_ ([ (2
Ill_p[[&r} +r2(89j] (3.9)

3.3 Finite Difference Method

| —

It is impossible to solve the above equations analytically. Therefore
let us use the finite difference method, (Jain et al, 1994, 113-115; Smith,
1985, 245-247), to solve these equations. The following figure shows a grid
superimposed upon the circular plate.

j=m

7\ %
T ARy,
L. vz N oy N
o Winp oy S 2
Sy v
AR VR
R o),

2m

Figure 6: Typical mesh for scheme 3.10

ﬁ,
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Letusconsidertheregion 0 < r<aq,0< 0 <2m. Let P=(r,0)=
(hi,y)),E = (h(i + 1), w)), W = (h(i - 1),yj), N = (hi,y(j + 1)) and
S = (hi,y(j—1)), and potentials at P, E, W, N and S be 0,:0..,,0,.,.0,...
and (Z),._j_, respectively fori =0,1,2, ........ AT B R, 4m.

Also let s be the time step and / be the number of time'steps such that
the time interval (o0,t)=(0,s/) and let T for AR 0K o - w, f=l2.3,
.......... 4m be the temperature at P = (hi, l///)at time s/.

Thus, the equation (3.8) can be written using five point difference
scheme as

¢/~[_, _2¢,_, +¢,41, ¢ +1.j _¢ iy n ¢,_,-y _2¢,_, +¢,_,-!
h? 2h%i n*ity?

I -
_ C[( . ( L Iy /) ((p ol ¢/-I./) (310>
l+o(T!, =T 2 2h
(TI;+I {i—l) (¢,_,-x '—(D,_H)l:()_
2hiy 2hiy |
ify* I )
Pii 2 4 34° w-{¢" 2i) | ¢”'1 2% |
+ o T+ 1,500 i ¥i-l
+ ¢,_/».12 ?l,pl _ ( 1. / |/I) ¢y> 1() ¢1 ./) (3.1 1)
iy 4+4a(T-—T,-.,)
(T =Ty 8, =0,)
(4+4o(T!, =T )i’y
Where i = 1,2,..,n,j = 1,2,3,.....,4m. Rearranging terms we get
for i=12,..... nj=123,..,4m.

To give a means of satisfying the boundary condition (3.1) we can
write

¢n./ :¢n—l./’ (312}
tarj= 123, 4m.

Also, we have two conditions @, ; =V at the electrodes. Let
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x = hicos (y)),
y = hisin (),
(3.13)

2 2 2
e =(x=x))"+(y-y)" —ap,
5

(.)2 :-(X‘—Xz)z +('\'_y2)2 _‘ao

Then the above boundary conditions can be written as

¢, ==V if e, <0,and '
- (3.14)
0, =V if e, <0
for i = 1,2, s s B & Jobd s 4m.

To find electrical current using equation (3.9), we have to use

following finite difference formulae.

2 2
Top, 2h h®i* 2y

| —

(3.15)

Where J, is current density at P = (hi,yj) and
(3.16)

Pi.j = Poll +O‘(Ti,[j ”Tzf)j))

tori =0.1.2, o -d, =425y 4m.

Writing F(r,0) = F(hi,yj) = F and using equation (2. IIO), we get
(3.17)

tor i =01, 2 v s n-1, j=12,3,.......

4.  Temperature Distribution

Now we are in a position to solve the power balance equation

8( QTJ | o ( 8Tj
L2 |+ LA |+ Fr6)
or\ or r- d0\ d8 .1

€0 .4 4., h
—(T"=-T)+—(T-T,)+dC—.
)( 0) b( 0) >

Let us assume that there are no heat losses by convection and

. ' S - .
radiatign. Then the above equation can be written as
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o(,dT 1 0 ar or
— | A—|+—=—| A— |+ F(r,0)=dC—. 4.2
ar( (9r)+r2 89( 89j+ (r,8) dC&t (4.2)

Substituting from equations (3.4), (3.5), (3.6), we get
T 1 °T| Lp (ar)z 1 ar)z
A — Q- | =— | +—| =
{Brz +r2 892}+ p’ ( 0){ or +r2(99

+ F(r,0)=d(0.122T + 482.24)%.

(4.3)

4.1 Finite Difference Method

Using five point finite difference scheme for derivatives of r and 6
and two level difference method for time derivative (Jain et al, 1994, 14-52;
Smith, 1985, 75-77) in the equation (4.3) in polar coordinates and rearrang-
Ing terms, we get

N

T[+|,',/'=T1,‘,/+ o
Code., M
i.j
S [y T[m._,‘ - 2Tlr‘,j + Tli-l,j Ti,lj+l —2T[i‘/‘ + 7}{_;'—1
= . 7 + 732
dc_ " h ity i
! [ \2
LPy o\ _ o7 (Tieri=Tw14)® g =Ta) |-
* (I-aT;;) 3 L 77 2 ;
B an 4%y
ij

where C, =(0122T +482.24), for i =1,2,...., n-1, j=
b I 4m, Jand l=O,IT,2, ......... J,with sl =t We use
7:01 = 300K Vi, asinitial conditions and 7:1{]. =300K V/j,[ as boundary
conditions.

5. Numerical Results

We use the following values to compute potentials, current densities,
generated heat and temperature values at each grid point. The material
properties for Stainless Steel are used for this study.
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a=0.1m
a, =0.005m

b=02x10"m
d =7930kgm™
L=245%x10"*VIK?

[ =1500

m=45

n=25

g1 5250
V=05V
a=60x10"K"

Py =96.0x 107 Qin
Roomtemperature = 300K

The potential, current density, generated heat and temperature distri-
butions of the circular plate are plotted (see Figures 7-10). Figure 11 shows
the variation of total current. These graphs are obtained by using the results
of aFORTRAN program based onequations (3.11),(3.15),(3.17),and (4.4).

Figure 7: Potential distribution /V
6 Conclusions

This study has revealed how direct resistance heating influences
temperature distribution of a circular sheet metal. Using the general laws of
heat transfer and electricity, the power balance equation which describes the
relationship between generated heat by an electric current and temperature
of a circular sheet metal, has been derived. The other equation, (3.8), which
desc'ribes the effect of the temperature on the potential distribution has been
obtathed using physical properties of metal and theories of current flow.
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Figure 9: Distribution of Generated Heat /Wm™

Tosolve these equatiens we used the finite difference techniques. The
results, see Figures 8-10 show that the current densities, generated heat, and
temperature near the diameter and electrodes are higher than the other points
of the plate. Since the current density at the electrodoes is higher than other
points, the temperature is relatively high near the electrodes. Therefore, it
is suggested to pass the current through other diameters of the plate in a
stfggered pattern, to get a uniform temperature distribution.
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